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Definitions and background Smooth and polyhedral norms

Smooth and polyhedral norms
Let (X , ‖·‖) be a real Banach space.

Definition
Let k ∈ N ∪ {∞}. The norm ‖·‖ is Ck -smooth if it is k -times continuously
Fréchet differentiable on X \ {0}.

Definition
The norm ‖·‖ is polyhedral if, given any E ⊆ X , dim E < ∞, there exist
f1, . . . , fn ∈ SX∗ (which depend on E) such that

‖x‖ = max
16i6n

|fi (x)|, x ∈ E .
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Definitions and background Smoothness, polyhedrality and structure

Smoothness, polyhedrality and structure
Smooth facts

1 If X ∗ is separable then X is isomorphically C1-smooth.

2 If ‖·‖ has a countable boundary then X is isomorphically C∞-smooth.
3 Every isomorphically C∞-smooth space either contains a copy of c0 or `p,

for some even integer p.
4 Every isomorphically C1-smooth space is Asplund.

Polyhedral facts
1 (c0, ‖·‖∞) is the archetypal polyhedral space.
2 If ‖·‖ has a countable boundary then X is isomorphically polyhedral.
3 Every isomorphically polyhedral space is c0-saturated and Asplund.
4 No dual space is isomorphically polyhedral.
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Definitions and background Approximation of norms

Approximation of norms
Let P denote some property of norms e.g., Ck -smoothness or polyhedrality.

Definition
We say that ‖·‖ can be approximated by norms having P if, given ε > 0, there
exists |||·||| having P, such that

‖x‖ 6 |||x ||| 6 (1 + ε) ‖x‖ for all x ∈ X .

Theorems
If X is separable and admits a polyhedral norm, then all norms on X can
be approximated by polyhedral norms (Deville, Fonf, Hájek 1997).
The same holds if ‘polyhedral’ above is replaced by ‘Ck -smooth’ (Hájek,
Talponen 2013).
Let Γ be a set. All norms on c0(Γ) can be approximated by polyhedral
norms and C∞-smooth norms (Bible, S 2016).
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Topological methods w∗ -LRC subsets of X∗

w∗-LRC subsets of X ∗

Topological methods have been used to solve problems and prove characteri-
sation theorems about locally uniformly convex norms or strictly convex norms.

Definition (Fonf, Pallares, S and Troyanski 2014)
Let X be a Banach space.

1 E ⊆ X ∗ is w∗-locally relatively norm-compact (w∗-LRC), if given f ∈ E ,
there is w∗-open U ⊆ X ∗ such that f ∈ U and E ∩ U

‖·‖
is norm-compact.

2 E is σ-w∗-LRC if E =
⋃∞

n=1 En, where each En is w∗-LRC.

In many applications, we consider sets that are both σ-w∗-LRC and w∗-Kσ.
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Topological methods Examples of σ-w∗ -LRC sets

Examples of σ-w∗-LRC sets
Examples

1 Any relatively norm-compact or w∗-relatively discrete subset is w∗-LRC.

2 Any norm-Kσ set is σ-w∗-LRC.
3 Let (eγ ,e∗γ)γ∈Γ be a M-basis of a Banach space X . Given n ∈ N,

{f ∈ BX∗ : | supp(f )| = n} ,

is w∗-LRC, and {f ∈ X ∗ : supp(f ) is finite} is σ-w∗-LRC and w∗-Kσ.
4 If K is a σ-discrete compact space, then the set of Dirac measures

{±δt : t ∈ K} ⊆ C(K )∗,

is σ-w∗-LRC and w∗-compact.
5 If E is σ-w∗-LRC and w∗-Kσ, then so is span(E).
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Topological methods The main application of such sets

The main application of such sets
Definition
Let (X , ‖·‖) be a Banach space. A set B ⊆ BX∗ is a (James) boundary of
(X , ‖·‖) if, given x ∈ X , there exists f ∈ B such that f (x) = ‖x‖.

Theorem (FPST 2014, Bible 2015)
Let (X , ‖·‖) have a boundary that is σ-w∗-LRC and w∗-Kσ. Then ‖·‖ can be
approximated by both C∞-smooth norms and polyhedral norms.

Testing the hypothesis above can be difficult, and often no boundary of a given
norm is σ-w∗-LRC and w∗-Kσ.

Fact (FPST 2014)
Let Y ⊆ X ∗ be an infinite-dimensional subspace. Then SY is not σ-w∗-LRC.

But sometimes a given norm can be approximated by norms that do have such
boundaries.
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Approximation results A framework for approximating norms

A framework for approximating norms
Let Γ be an infinite set and let X support a system of non-zero projections
(Pγ)γ∈Γ, such that:

1 PαPβ = 0 whenever α 6= β,
2 sup(‖Pγ‖)γ∈Γ <∞,
3 X = span‖·‖(PγX )γ∈Γ, and
4 X ∗ = span‖·‖(P∗γX ∗)γ∈Γ (the system is ‘shrinking’).

Examples
1 If X has a shrinking bounded M-basis (eγ ,e∗γ)γ∈Γ, set Pγx = e∗γ(x)eγ .
2 If X = C0(M), where

M =
⋃
γ∈Γ

Mγ ,

is locally compact, scattered, and the discrete union of clopen sets Mγ , set
Pγ f = f · 1Mγ

.
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Approximation results A framework for approximating norms

The function θ

Definition
Given finite F ⊆ Γ, set

ρ(F ) = sup

{∥∥∥∥∑
γ∈F

P∗γ f
∥∥∥∥ : f ∈ X ∗ and

∥∥P∗γ f
∥∥ 6 1 whenever γ ∈ F

}
.

Let pk (f ) be the k th largest element of ran(f ) :=
{∥∥P∗γ f

∥∥ : γ ∈ Γ
}

, and let

Gk (f ) =
{
γ ∈ supp(f ) :

∥∥P∗γ f
∥∥ > pk (f )

}
.

Definition
Define θ : X ∗ → [0,∞] by

θ(f ) =
∞∑

k=1

(pk (f )− pk+1(f ))ρ(Gk (f )).
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Approximation results Approximating norms on spaces having M-bases

Approximating norms on spaces having M-bases
Theorem (S, Troyanski 2018)
Let X have a shrinking bounded M-basis (eγ ,e∗γ)γ∈Γ, and let ‖·‖ have a bound-
ary B such that θ(f ) < ∞ whenever f ∈ B. Then ‖·‖ can be approximated by
norms having σ-w∗-LRC and w∗-Kσ boundaries.

Consequently, ‖·‖ can be approximated by both C∞-smooth norms and poly-
hedral norms.

Corollary (S, Troyanski 2018)
Let X have a shrinking bounded M-basis (eγ ,e∗γ)γ∈Γ and suppose θ(f ) <∞ for
all f ∈ X ∗. Then every norm on X can be approximated by both C∞-smooth
norms and polyhedral norms.

Example (Bible, S 2016)
On c0(Γ), ρ(F ) = |F | and θ(f ) = ‖f‖1. Hence the above applies.
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Approximation results 1-symmetric bases

1-symmetric bases
Let (eγ)γ∈Γ be a shrinking 1-symmetric basis of X . Define

λ(n) =

∥∥∥∥∥
n∑

k=1

eγk

∥∥∥∥∥ and µ(n) =

∥∥∥∥∥
n∑

k=1

e∗γk

∥∥∥∥∥ ,
where γ1, . . . , γn is any choice of n distinct elements of Γ.
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k=1

e∗γk

∥∥∥∥∥ ,
where γ1, . . . , γn is any choice of n distinct elements of Γ.

Proposition (S, Troyanski 2018)
Let X have a shrinking 1-symmetric basis (eγ)γ∈Γ. Then θ(f ) <∞ for all f ∈ X ∗

if and only if

sup

{∥∥∥∥∥
n∑

k=1

(µ(k + 1)− µ(k))eγk

∥∥∥∥∥ : n ∈ N

}
< ∞,

where γ1, γ2, γ3 . . . ∈ Γ are distinct (the choice is irrelevant).
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Approximation results 1-symmetric bases

1-symmetric bases
Corollary (S, Troyanski 2018)
Let X have a shrinking 1-symmetric basis (eγ)γ∈Γ. If

sup

{∥∥∥∥∥
n∑

k=1

(µ(k)− µ(k − 1))eγk

∥∥∥∥∥ : n ∈ N

}
< ∞,

or if

sup

{∥∥∥∥∥
n∑

k=1

eγk

λ(k)

∥∥∥∥∥ : n ∈ N

}
< ∞,

then every norm on X can be approximated by C∞-smooth norms and polyhe-
dral norms.
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Approximation results 1-symmetric bases

Preduals of Lorentz spaces
Let Γ be a set and w = (wi ) ∈ `∞ \ `1 a decreasing sequence of positive
numbers.

Example
The predual of Lorentz space X := d∗(w ,1, Γ) has a shrinking 1-symmetric
basis.

We have θ(f ) = ‖f‖ for all f ∈ X ∗ and∥∥∥∥∥
n∑

k=1

(µ(k + 1)− µ(k))eγk

∥∥∥∥∥ =

∥∥∥∥∥
n∑

k=1

wk eγk

∥∥∥∥∥ = 1, n ∈ N.

Hence every norm on X can be approximated by C∞-smooth norms and poly-
hedral norms.
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Approximation results 1-symmetric bases

Orlicz spaces
Let Γ be a set and M : [0,∞)→ [0,∞) a non-degenerate Orlicz function.

Example
The Orlicz space X := hM(Γ) has a shrinking 1-symmetric basis.

We have

sup

{∥∥∥∥∥
n∑

k=1

(µ(k + 1)− µ(k))eγk

∥∥∥∥∥ : n ∈ N

}
< ∞,

if and only if M satisfies the ‘summability condition’:

∞∑
n=1

M
(

M−1( 1
n )

K

)
< ∞, for some K > 1.

In this case every norm on X can be approximated by C∞-smooth norms and
polyhedral norms.
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Approximation results C(K ) spaces

C(K ) spaces
Proposition (Marciszewski 2003)
If C(K ) ↪→ c0(Γ) for some set Γ, then K (n) = ∅ for some n ∈ N.

Theorem (S, Troyanski 2018)
Let α be an ordinal. There exists a compact scattered space K such that
K (α) 6= ∅, and any norm on C(K ) can be approximated by C∞-smooth norms
and polyhedral norms.

Problem
Can every norm on C([0, ω1]) be approximated by C1-smooth norms or poly-
hedral norms?
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